The key objective of this paper is to study the imprecise biological complexities in the interaction of two species pertaining to harvesting threshold. It is explained by taking the prey-predator model with imprecise biological parameters and fractional order generalized Hukuhara (fgH) differentiability. In this vain, different possible systems of the model are constructed, according to the increasing and decreasing behavior of population growth. Feasibility and stability analyses of equilibrium points of the stated models are also discussed by means of variational matrix with Routh-Hurwitz conditions. In addition, the numerical elaborations are carried out by taking parametric expansion of fuzzy fractional Laplace transform (FFLT). This significantly helps the researchers in using a novel approach to analyze the constant solutions of the dynamical systems in the presence of fractional index. This would allow the avoidance of any intricacy that occurs while solving fractional order derivatives. Furthermore, this attempt also provides numerical and pictorial results, obtained through some well-known methods, namely fifth-forth Runge-Kutta method (FFRK), Grunwald-Letnikov's definition (GL) and Adams-Bashforth method (ABM) that are deemed appropriate to scrutinize the dynamics of the system of equations.
Introduction
There has been considerable work done by researchers in associating real ecological situations with mathematical models to make it palpable. The model for population growth of biological species, named the Lotka-Volterra equation, played an important role in mathematical biology [1, 2] . These equations, with interspecific competition, have been considered to be a prerequisite for those which are associated with biology. These equations also aid the perceptions about the outcomes of competitive interactions between different species [3] [4] [5] [6] . Diversity of factors, such as environmental change, consumer-resource interactions, and disease, not covered in the model can affect the upshot of competitive interactions by affecting the dynamics of the respective populations. In theoretical ecology, many researchers have exhibited their models with exactly known biological parameters: however, in reality, the values of all parameters cannot be known accurately for various reasons like the lack of data, scarcity of information, oversight in the measurement operation and determining the initial conditions, etc. In order to overcome these limitations, these models are deliberated with imprecise parameters to produce more realistic and favorable results. However, there are numerous ways to deal with models with imprecision in parameters. Fuzzy theory is introduced to be utilized to a great extent. In this theory, the parameters are replaced by fuzzy numbers or fuzzy functions that handle the imprecision. Despite of being very challenging, numerous remarkable innovations have caught the sight of many researchers. For instance, Pal et al. [7] proposed three species preypredator harvesting model and used the logical hybridizing of the fuzzy numbers to derive optimal equilibrium points and harvesting efforts. Nounou et al. [8] illustrated glycolyticglycogenolytic pathway model, purine metabolism pathway model, and a genetic pathway using fuzzy systems strategy and developed model-free nonlinear intervention strategies. Paul et al. [9] discussed the fuzzy quota harvesting of a single species Lotka-Volterra equation using generalized Hukuhara differentiability. Thus, many authors have utilized this concept for modeling in mathematical biology [10] [11] [12] [13] [14] .
Since the last decade, the phenomena of fractional calculus in modeling different aspects of real world have been widely increasing. For its nonlocal properties, this theory has provided an exceptional tool in the interest of the scientific community. Khan et al. [15] discussed a system of nonlinear fractional differential equations with imprecision and performed Grunwald-Letnikov's definition for the analysis. Kumar et al. [16] did an empirical study for hyperthermia treatment therapy by using time fractional dual-phase-lag bioheat transfer model. Meng et al. [17] described the efficiency of the variable order fractional calculus for the prediction of the compression deformation of amorphous glassy polymers. Singh [18] studied the dynamics of the rumor spreading in a social network by means of Atangana-Baleanu derivative of non-integer order. He analyzed the effect of the fractional order on various human behaviors such as ignorant, spreading, and stifles. Thus, applications of heterogeneous fractional based equations, for instance, linear and nonlinear fractional ordinary and partial differential equations, fuzzy fractional differential equations, a system of fractional equations etc., greatly exist in various scientific disciplines [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
Although some attempts have already been made [7, [10] [11] [12] [13] [14] , in this endeavor we carried out the investigations with some new inputs and concepts, which brings a novelty in this framework and provides appropriate applications. The key elements are described as follows:
• The model is structured with the concept of fgH-differentiability.
• Elaborate conditions for the harvesting threshold affecting the population dynamics of both species are given. • The pioneering numerical illustrations of equilibrium points in the presence of fractional index are incorporated.
• Innovatively, parametric expansion of fuzzy fractional Laplace transform is explained to deal with the fractional order derivatives.
• It also contains numerical study of different techniques for solving fuzzy fractional dynamical models.
The model is classified with increasing and decreasing behavior of population growth of the species, which may transpire due to the climate change, with the help of fgHdifferentiability [31] [32] [33] . This notion clearly describes all the possible cases of differentiability of the fuzzy functions by breaking it into multiple systems of equations, where each system elaborates a different scenario. These governing systems, which are advantageous to be associated with the dynamics of any species, are taken into account. It also has the capability to measure the linguistic phrases that are widely used for explaining any imprecise attribute, e.g., a minor growth, very strong carrying capacity, etc.: whereas the fractional derivative is substantially beneficial to scrutinizing the gradual rate of change in per capita growth by detecting each slight change of the dynamical system. Moreover, the significance of our model on including fractional and fuzzy perceptions with harvesting threshold can be easily understood by considering a very common paradigm of ecological study, i.e., the dynamics of caribou and wolf. If we take the example of Arctic people, they are dependent on caribou for food, clothing, and shelter, so the hunting of caribou takes place widely in this region. Since caribou's body composition varies highly with season, uncertainty occurs in their intrinsic growth or carrying capacity as the weather goes through uncertain variations. Analogously, due to many reasons such as overhunting by humans, catching bloodsucking diseases, or mating season, their population density possesses either increasing or decreasing patterns. On the other hand, the wolves, which are hunted by humans to save their livestock or for draught or security purposes in army in some regions, are considered as predator. Their population density also varies due to nutritional stress, diseases, and parasites or any other environmental change. It is widely known that wolves become more active in autumn-spring season, therefore their intrinsic body also alters within a year. So, it is more suitable to define the parameters with uncertain values, which explains their level of increase or decrease, accordingly. As a consequence of the aforementioned uncertainties, a minor change within a system gradually leads to major change that may cause positive or negative impact on a body. Thus, this fractional rate of change further remarkably discusses these minor changes along with the fuzziness occurring within the body, instead of directly calculating a whole change. Moreover, to cope with the fractional operator, we implement the parametric expansion of fuzzy fractional Laplace transform [31, 34, 35] . The expansion of fractional Laplace transform greatly converts the fractional order derivative into the integer order, which can be further scrutinized easily using any appropriate numerical-analytical methods. By means of variational matrices in conjunction with Routh-Hurwitz conditions [36, 37] , the analysis of stability of equilibrium solutions is illustrated. Some equilibrium points with fractional index are also obtained to further study the historical state of constant solutions. Additionally, we explore a comparative analysis between FFRK, Grunwald-Letnikov's definition (GL) [15] , and Adams-Bashforth method (ABM) [38] . These techniques are widely known approximators to fractional and integer order differential equations. These assessments are examined on some illustrative examples and lucratively depicted increase or decrease in the populations, phase trajectories, and limit cycles etc., of the systems.
Furthermore, the remaining structure of the paper is organized as follows. Detailed discussion on modeling of the prey-predator model using fgH-differentiability is described in Sect. 2 and existence of equilibrium points is elaborated in Sect. 3. The stability analysis for each equilibrium point along with the conditions for the harvesting parameter is given in Sect. 4. Section 5 contains the implementation of FFLT, some numerical examples, and graphical deliberations, using FFRK, GL, and ABM methods. Finally, Sect. 6 concludes the major findings of this work.
Prey-predator model formulation
Consider the following prey-predator model:
where C D σ t represents Caputo-type fractional-order derivative for 0 < σ ≤ 1, x(t) and y(t) represent the population density of prey and predator with the fractional variation in time, respectively. In addition, r i , k i , b ij , and q i for i, j = 1, 2 are all positive constants such that r i are the intrinsic growth rates, k i are the carrying capacities, b ij for i = j are the coefficients of interspecific competition, b ij for i = j are the extents to which the availability of jth species affects the growth of ith species, q i are the catchability coefficients of both species. Furthermore, with the assumption that prey and predator are highly demanding species, E is considered as the harvesting threshold of individuals over time for both the species. More often, environmental or climate changes may induce imprecise upshots in the population dynamics of the species. Therefore, taking the population of both species in a crisp sense is not of interest nowadays. For instance, the carrying capacity k of any species defines the maximum population of that species sustained by the environment.
After a time lag, it may slightly overshoot or undershoot due to the fluctuations in environmental resources, but does not remain constant. Similarly, with the other parameters, they are greatly affected by the encircling ecology, which itself is an imprecise context. Hence, restructuring system (1), by considering x(t) and y(t) to be non-negative fuzzy functions and all the parameters as fuzzy numbers except q 1 , q 2 , and E, the above system turns into
with the initial conditionsx(t 0 ) =x 0 andỹ(t 0 ) =ỹ 0 . From the properties of fuzzy calculus [31, 33] , fuzzy functions and parameters can be represented in α-levels as [ [15] . Since the right-hand side of Eq. (2) is continuous, system (2) satisfies the following theorem of Lipschitz condition, which concludes the stability and uniqueness of the system. 
The detailed proof of the theorem is found in many research papers [39, 40] .
Moreover, using the concept of fgH-differentiability [31] [32] [33] and considering all the possible cases of fgH-differentiability ofx(t) andỹ(t), fuzzy model (2) can be further expanded as, for all α ∈ [0, 1],
with the same initial conditions as outlined for system (2).
Equilibrium points
In this section, equilibrium points of each fgH-differential system (3)-(6) are illustrated in conjunction with the feasibility conditions. In view of the fact that equilibrium points represent the constant solutions of the system, assume
. On solving the remaining nonlinear equations on the right-hand side, the following equilibrium points for positive functions are attained.
Trivial equilibrium point
The trivial equilibrium points, (0, 0, 0, 0) are always feasible for each system (3)- (6) . Let, these points be symbolized as, e 10 (x 10l , x 10u , y 10l , y 10u ), e 20 (x 20l , x 20u , y 20l , y 20u ), e 30 (x 30l , x 30u , y 30l , y 30u ) and e 40 (x 40l , x 40u , y 40l , y 40u ) for systems (3)-(6), respectively.
Axial equilibrium point
Let the axial equilibria be denoted by e 11 (x 11l , x 11u , y 11l , y 11u ), e 21 (x 21l , x 21u , y 21l , y 21u ), e 31 (x 31l , x 31u , y 31l , y 31u ), and e 41 (x 41l , x 41u , y 41l , y 41u ) for systems (3)-(6), respectively. For the positive functions, each system (3)-(6) produces axial equilibrium point
, 0, 0). This point is feasible if the harvesting threshold satisfies the following conditions:
Coexistence equilibrium point
Assume that e 12 (x 12l , x 12u , y 12l , y 12u ), e 22 (x 22l , x 22u , y 22l , y 22u ), e 32 (x 32l , x 32u , y 32l , y 32u ), and e 42 (x 42l , x 42u , y 42l , y 42u ) represent the coexistence equilibria of systems (3)-(6), respectively, then
are coexistence equilibrium points of system (3), and it is feasible if
are coexistence equilibrium points of system (4), and it is feasible if
Similarly,
are of system (5) , and it is feasible if
In addition,
are of system (6), and it is feasible if
Stability analysis
In this section, further classification of the equilibrium points is done with respect to the local stability by constructing variational matrix at each equilibrium point and then calculating eigenvalues λ in conjunction with Routh-Hurwitz conditions [36, 37] . Accordingly, if all the calculated eigenvalues λ j , (j = 1, 2, 3, 4), for an equilibrium point are negative real numbers, then the point is said to be stable or asymptotically stable. On the other hand, if there exists at least one positive eigenvalue, then the equilibrium point is considered to be unstable. Besides, if a pair of purely imaginary eigenvalues is attained with all other negative real numbers, then the system might produce limit cycles. Also, in case of characteristic equation of the variational matrix, Routh-Hurwitz condition states that if the coefficients β n , (n = 1, 2, 3, 4), fulfill the conditions β 1 > 0, β 2 > 0, β 3 > 0, and β 1 β 2 β 3 > β 2 3 + β 2 1 β 4 , then the equilibrium point is considered to be stable. Now, consider all the fgH-differential systems (3)-(6), then the variational matrices are constructed follows:
The stability analysis of each aforementioned equilibrium is elaborated sequentially in the following section, pertaining to the harvesting parameter E.
Eigenvalues of variational matrices

Trivial equilibrium points
Calculating V 1 , V 2 , V 3 , and V 4 at the corresponding trivial equilibrium points of the respective systems, the following eigenvalues are attained, respectively:
and λ 1 (e 40 ) = -(r 1lq 1 E)(r 1uq 1 E), λ 2 (e 40 ) = -(r 2lq 2 E)(r 2uq 2 E), λ 3 (e 40 ) = (r 1lq 1 E)(r 1uq 1 E), λ 4 (e 40 ) = (r 2lq 2 E)(r 2uq 2 E).
Axial equilibrium points
The eigenvalues of V 1 (e 11 ) for system (3) are obtained as follows:
From V 2 (e 21 ) of system (4), we get the following characteristic equation:
where β 1 = 0,
For system (5) , calculating eigenvalues from V 3 (e 31 ) at e 31 , we get
and for system (6) , the characteristic equation obtained from V 4 (e 41 ) is
Coexistence equilibrium points
Furthermore, on simplifying V 1 (e 12 ) for system (3), we get the characteristic equation
For system (4), the characteristic equation obtained from V 2 (e 22 ) is
The characteristic equation for system (5) obtained from V 3 (e 32 ) is
and the characteristic equation for system (6) , generated from V 4 (e 42 ), is
Stability conditions
From the above mathematical discussion, we deduce the following results. 
Hence, e 10 is locally asymptotically stable if E > max( r 1l q 1 , r 1u q 1 , r 2l q 2 , r 2u q 2 ). (ii) The axial equilibrium point e 11 of system (3) shows instability in view of the fact that λ 3 (e 11 ) > 0, λ 1 (e 11 ) < 0, λ 2 (e 11 ) < 0, and λ 4 (e 11 ) < 0. Additionally, β 1 = 0, β 3 = 0 for the axial equilibrium point e 21 , hence from the Routh-Hurwitz condition e 21 is also not stable. On the other hand, e 31 becomes stable, i.e., λ i (e 31 ) < 0 for i = 3, 4, only if
Hence, e 31 is locally asymptotically stable if
(iii) Correspondingly, an axial equilibrium point e 41 for system (6) is locally asymptotically stable, i.e., β i (e 41 ) > 0 for i = 0, 1, 2, 3, 4, only if
where, after some manipulation, expressions for E can be established. (iv) Evidently, the coexistence equilibrium point e 12 is not stable in view of the fact that β 1 = 0, β 3 = 0 of the corresponding characteristic equation. In the same way, e 22 , e 32 , and e 42 are unstable given that β 4 (e 22 ) < 0, β 4 (e 32 ) < 0, and β 1 (e 42 ) < 0, respectively.
Methodological discussion
Implementation of fuzzy fractional Laplace transform
To start with, the Caputo-type fractional operator on the left-hand side of each system (3)-(6) is approximated by using fuzzy fractional Laplace transform [31, 34, 35] . Let L denote FFLT, then FFLT of Caputo-type fractional derivative of order 0 < σ ≤ 1 of the functions x(t) andỹ(t) is expanded as follows:
ifx(t) is (i)-fgH-differentiable and
for (i)-fgH-differentiable and (ii)-fgH-differentiable ofỹ(t), respectively. Following the method of linearization [34, 35] , we get the linearized form of p σ as follows:
On substitution of the above expansion of p σ in Eqs. (7)-(10) and employing the inverse FFLT, systems (3)-(6) convert into integer-order nonlinear differential equations, i.e., if bothx(t) andỹ(t) are (i)-fgH-differentiable, then system (3) turns into
and ifx(t) is (i)-fgH-differentiable andỹ(t) is (ii)-fgH-differentiable, then system (4) changes into
Similarly, ifx(t) is (ii)-fgH-differentiable andỹ(t) is (i)-fgH-differentiable, then system (5) converts into
and if bothx(t) andỹ(t) are (ii)-fgH-differentiable, then system (6) becomes
with the same initial conditions as for system (2).
Numerical illustration
Considering time t in years and the population of species in billions, the experiment is carried out for some assumed numerical values of the parameters. The numerical equilibrium points of systems (12) Table 1 . It interprets the constant population densities of prey and predator with respect to fractional variation in time. The elaborations include the perceptions of fgHdifferentiability, i.e., fractional variation in either increasing or decreasing growth rate patterns of the species. For instance, some environmental factors or economical activities that affect the survival of the species may precipitously cause the growth to be either in increasing or decreasing motion. Furthermore, Tables 2-5 ratify stability and originality of the numerical solutions obtained by utilizing the well-known methods, namely FFRK, GL [15] , and ABM [38] . These solutions are computed, by considering σ = 0.95, α = 0.6, q 1 = 0.02, q 2 = 0.001, E = 7,r 1 = (0.001, 0.002, 0.003),r 2 = (0.009, 0.01, 0.02),b 11 (30, 35, 40) . As the parameters are considered to be triangular fuzzy numbers, we also depict all the possible values of these parameters graphically in Figs. 1(a)-(d) , which can be assumed in the governing case. Figs 2-5 illustrate the effect of harvesting threshold E on the population growth ofx(t) andỹ(t) for some cases of catchability parameters of prey and predator, i.e., q 1 and q 2 at α = 0.98, σ = 0.998, and t ∈ [0, 40]. It is observed from Figs. 2(a)-(b), plotted for system (12) , when q 1 = q 2 , the population of the predator y l (t; α) undergoes some oscillations when E = 2, 3 and gradually becomes zero after some time. However, the population of prey x l (t; α) produces a minor curvature, and after some time it tends to zero when E ≥ 4, which validates the stability condition E > max( r 1l q 1 , r 1u q 1 , r 2l q 2 , r 2u q 2 ). In case of q 1 > q 2 and q 1 < q 2 , as shown in Figs. 2(c)-(d) and 2(e)- (15) , are also unstable, except for E = 5. From this analysis of harvesting parameters in conjunction with the catchability of the species, it can be interestingly remarked that the population of both the species,x(t) andỹ(t), goes to extinction if the harvesting rate E is greater than the ratio of logistic growth and catchability coefficients. The population of both the species,x(t) andỹ(t), becomes stable if the harvesting rate E of both the species is less than the ratio of imprecise biological parametersr 1 ,r 2 ,b 11 ,b 12 ,b 21 ,b 22 ,k 1 , andk 2 , as α increases.
In addition to that, we also carried out the existence analysis of the limit cycles of systems (12)-(15) through the phase planes, pictured in Figs. 6(a)-(d) and 7(a)-(d) for α = 1, q 1 = 0.2, q 2 = 0.7, E = 8, and at different values of σ . From each curve the existence of the limit cycles for prey and predator can be clearly interpreted to be in the intervals 3 ≤x * (t) ≤ 30 and 0.5 ≤ỹ * (t) ≤ 10, accordingly, in the time interval t ∈ [0, 10]. Besides, we also induce the limit cycles of systems (12)-(15) in Figs. 8(a)-(d) for α = 1, q 1 = 0.2, q 2 = 0.7, and E = 8 for t ∈ [0, 20]. These plots are the novel source of dynamical study of ecological theory, as they illustratively define the historical behavior of the population growth in an imprecise environment.
Each system delivers distinctive dynamics ofx(t) andỹ(t) with different conditions of the harvesting parameter. Including a brief comparison between the cases of fgHdifferentiability, it is found that systems (12), (14) , and (15) interpret the stability of the trivial equilibrium point; however, system (13) deduces the stability of axial equilibrium point. (a) x l (t; α), y l (t; α) for q 1 = q 2 = 1 (b) x u (t; α), y u (t; α) for q 1 = q 2 = 1 (c) x l (t; α), y l (t; α) for q 1 = 1, q 2 = 0.5
Figure 2
Solutions of system (12) , straight lines forx(t) and dotted lines forỹ(t), for the cases q 1 = q 2 , q 1 > q 2 and q 1 < q 2 at α = 0.98, σ = 0.998 and for different values of E (d) x u (t; α), y u (t; α) for q 1 = 1, q 2 = 0.5 (e) x l (t; α), y l (t; α) for q 1 = 0.5, q 2 = 1 (f ) x u (t; α), y u (t; α) for q 1 = 0.5, q 2 = 1
, y u (t; α) for q 1 = q 2 = 1 (c) x l (t; α), y l (t; α) for q 1 = 1, q 2 = 0.5
Figure 3
Solutions of system (13) , straight lines forx(t) and dotted lines forỹ(t), for the cases q 1 = q 2 , q 1 > q 2 and q 1 < q 2 at α = 0.98, σ = 0.998 and for different values of E (d) x u (t; α), y u (t; α) for q 1 = 1, q 2 = 0.5 (e) x l (t; α), y l (t; α) for q 1 = 0.5, q 2 = 1 (f ) x u (t; α), y u (t; α) for q 1 = 0.5, q 2 = 1 (c) x l (t; α), y l (t; α) for q 1 = 1, q 2 = 0.5
Figure 4
Solutions of system (14) , straight lines forx(t) and dotted lines forỹ(t), for the cases q 1 = q 2 , q 1 > q 2 and q 1 < q 2 at α = 0.98, σ = 0.998 and for different values of E (d) x u (t; α), y u (t; α) for q 1 = 1, q 2 = 0.5 (e) x l (t; α), y l (t; α) for q 1 = 0.5, q 2 = 1 (f ) x u (t; α), y u (t; α) for q 1 = 0.5, q 2 = 1.
Continued (a) x l (t; α), y l (t; α) for q 1 = q 2 = 1 (b) x u (t; α), y u (t; α) for q 1 = q 2 = 1 (c) x l (t; α), y l (t; α) for q 1 = 1, q 2 = 0.5
Figure 5
Solutions of system (15) , straight lines forx(t) and dotted lines forỹ(t), for the cases q 1 = q 2 , q 1 > q 2 and q 1 < q 2 at α = 0.98, σ = 0.998 and for different values of E (d) x u (t; α), y u (t; α) for q 1 = 1, q 2 = 0.5 (e) x l (t; α), y l (t; α) for q 1 = 0.5, q 2 = 1 (f ) x u (t; α), y u (t; α) for q 1 = 0.5, q 2 = 1 Figure 5 Continued (a) Planes ofx(t) for system (12) ( b ) P l a n e s o f x(t) for system (13)
Figure 6
Phase planes for α = 1, q 1 = 0.2, q 2 = 0.7, t ∈ [0, 10] and E = 8
Conclusions
In this paper, an ecological model was discussed in fuzzy environment with fractional order derivative by using fuzzy fractional Hukuhara differentiability approach. We described the two interacting species model with the stability of its equilibrium points by using the variational matrix Routh-Hurwitz condition. Fuzzy solutions of different fgHdifferentiability cases of fuzzy functions were discussed. Moreover, some theorems were presented that provide different conditions for harvesting of the species, which would lead to the stability of the population of prey and predator. To support the demonstrations, graphical and numerical dynamics of prey and predator were represented for the corresponding systems with the help of fuzzy fractional Laplace transform expansion and FFRK, GL, and ABM. Consequently, we came up with the following outcomes:
• The imprecision of the environment may cause complexities while studying the interaction of species. • Fractional order derivative intriguingly made it easy to locate the historical position and patterns of each limit cycle of the governing systems.
(c) Planes ofx(t) for system (14) ( d ) P l a n e s o f x(t) for system (15)
Figure 6 Continued
• The population of both the species,x(t) andỹ(t), goes to extinction if the harvesting rate E is greater than the ratio of logistic growth and catchability coefficients. • If the harvesting rate E of both the species is less than the ratio of imprecise biological parameters,r 1 ,r 2 ,b 11 ,b 12 ,b 21 ,b 22 ,k 1 , andk 2 increase, as α increases, the population of both the species,x(t) andỹ(t), becomes stable.
• The phase plane trajectories show a gradual increase in the coexistence intervals of prey and predator, as the fractional variation in time moves toward the integer order. Hence, it is concluded that the interaction of the species depends on the imprecise nature of the ecological parameters, mainly the harvesting threshold, when both species undergo economical hunting. Accordingly, the approach is very helpful for the researchers who are involved in mathematical modeling with imprecision in various fields of science and engineering. It reveals very realistic results in both mathematical and ecological point of view. There is still a room for further research in this field, thus, many breakthrough studies can be explored with fuzzy parameters and fractional order derivative. Page 31 of 34 (c) Planes ofỹ(t) for system (14) ( d ) P l a n e s o f y(t) for system (15) 
